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Descriptors for DNA Sequences Based on Joint Diagonalization of
Their Feature Matrices from Dinucleotide Physicochemical Properties
Hongjie Yu and Deshuang Huang
Abstract: Numerical characterizations of DNA sequence can facilitate analysis of similar sequences. To visualize
and compare different DNA sequences in less space, a novel descriptors extraction approach was proposed
for numerical characterizations and similarity analysis of sequences. Initially, a transformation method was
introduced to represent each DNA sequence with dinucleotide physicochemical property matrix. Then, based
on the approximate joint diagonalization theory, an eigenvalue vector was extracted from each DNA sequence,
which could be considered as descriptor of the DNA sequence. Moreover, similarity analyses were performed by
calculating the pair-wise distances among the obtained eigenvalue vectors. The results show that the proposed
approach can capture more sequence information, and can jointly analyze the information contained in all involved
multiple sequences, rather than separately, whose effectiveness was demonstrated intuitively by constructing a
dendrogram for the 15 beta-globin gene sequences.
Key words: descriptors; approximate joint diagonalization; dendrogram; physicochemical property; similarity
analysis

1

Introduction

Numerical characterizations of DNA sequences offer
a visual means for inspection of data[1] . Thus,
the description of the sequence is of great
importance. However, as complex objects may be
similar in one aspect and quite different in another,
the space of similarity for such objects turns to
be multidimensional. Recently, many numerical
characterizations for DNA or protein sequences
have been introduced, with most of them being
extracted from string representations and graphical
representations. The string representations also allowed
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the extraction of some simpler and more important
features, which had been initially used for comparison
of the genome sequence[2] , and later for alignment-free
comparison of regulatory sequences[3] .
A survey of previous reports[4, 5] revealed many
frequency-based algorithms for sequence comparisons
and analyses have been based on single as well
as dinucleotides. Wu et al. [6] investigated the
analysis approaches using adjacent nucleotides of a
DNA sequence that revealed their hidden biological
information whereas Randić[7] introduced a condensed
representation of DNA based on pairs of nucleotides.
Some researchers[8, 9] have recently introduced a
graphical representation of DNA sequences based on
the neighboring dinucleotides, as another example of
a linear representation for strings of sequences, or
have used sparse representation approach to depict
objects[10] . Dual nucleotides may also be categorized
into groups according to their physicochemical
properties[11] (for reviews up to 2011).
In general, DNA sequences may be converted into
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numerical signals through binarization processing of
the sequences. Thus, the binary values 0-1 can be used
to describe each two adjacent positions irrespective of
their dinucleotide combination[12] . Certainly, the binary
representation may be regarded as one of the earliest
and the most popular transformations of DNA, although
other different transformation methods[13-22] or sparse
representation have also been explored.
Among these transformation methods, some are not
intended for biological problems, while others have no
simple numerical interpretation. Moreover, some of the
representations neglect the sequence structure and the
transformations tend to be irreversible. Until now, there
is no ideal approach that is able to transform every type
of DNA/protein sequences so as to numerically analyze
the relationship among them with efficiency.
In this study, we introduce a novel method for
numerical characterization of DNA sequences
and apply the method to similarity analysis of
these sequences, where we derived descriptors
from sequences. The application of the numerical
characterization of DNA sequence is illustrated
by examining the relationship among different
species. The results from comparison with earlier
approaches demonstrated that our proposed approach
is effective and is capable of analyzing the similarities
among multiple sequences.

2

Descriptors of DNA Sequences

Numerical characterization of DNA sequences can
facilitate us to perform similarity analysis of multiple
sequences. In this section, we will introduce a novel
method to transform each DNA sequence into a
symmetric matrix, through which feature vectors may
be readily derived.
2.1

Construction of feature matrix for sequence

Numerical characterization of 2-D or 3-D graphical
representations for DNA sequences have been widely
used, where some feature matrices were transformed
from the primary sequences. Thus, the descriptors
could be derived from these matrices. These descriptors
characterizing sequence can be used as the components
of similarity measures between a pair of sequences[11] .
Considering a DNA sequence S D “S1 S2    SL ”,
where Si 2 fA,T,G,Cg, i D 1; 2;    ; L, and L denotes
the length of the sequence, there are 16 kinds of
dinucleotides in total (shown in Table 1). It is known
that the four nucleic acids A, T, G, and C can be grouped

Table 1
Sj nSj C1
A
T
G
C
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16 kinds of dinucleotides.
A
T
G
AA
AT
AG
TA
TT
TG
GA
GT
GG
CA
CT
CG

C
AC
TC
GC
CC

in line with the distributions of purine-pyrimidine
(R=Y), amino-keto (M=K), and weak-strong (W/S)
bonds. The classifications are as follows: R = (A, G)
and Y = (C, T), M = (A, C) and K = (G, T), W = (A, T)
and S = (C, G).
According to Ref. [11], many different binary
techniques have been assigned the values 0-1 to Y,
K, S and to R, M, W, respectively. Considering graph
theory, DNA/protein sequences may be regarded as
node-edge-node models, where there are four types of
nodes, A-T-G-C, and 16 kinds of edges (shown in Table
1). However, all the 16 kinds of edges may be grouped
into 12 kinds of dinucleotide bonds by combining every
two adjacent loci.
Table 2 exhibits the decision criteria for converting
dinucleotides into 12-tuple row vectors. Therefore, by
scanning every adjacent site successively, such as pairs
of loci (S1 ; S2 ), (S2 ; S3 ),    , (SL 1 ; SL ), a (L 1)
by 12 adjacency matrix transformed from the primary
sequence may be obtained via the relationships of all
the adjacent dinucleotides, referred to as m:
˛ i /.L 1/12
m D .˛
(1)
where
˛ i D the i -th row vector

(2)

Table 2 Decision criterion for mapping dinucleotides into
0-1 values according to the combination of bonds.
Sj Sj C1
AA
AT
AG
AC
TA
TT
TG
TC
GA
GT
GG
GC
CA
CT
CG
CC

RR RY/YR YY MM MK/KM KK WW WS/SW SS
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
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if Si Si C1 is the i -th kind of dinucleotide, i D 1; 2;    ;
L 1.
Generally, the primary DNA/protein sequences could
be considered as symbolic signals which may have
a rich statistical structure. Many signal processing
algorithms are focused on the organization of these
statistical structures, such as the least square regression
for utilizing the data correlation structure[22] .
Since symmetric matrix has many merits[23] ,
we can use the sparse matrix m.L 1/12 mapped
from the primary sequence to obtain a symmetric
feature matrix M12 D mT  m for representing each
sequence. Furthermore, as each sequence has a
different length, M12 could be divided by the sum of
all its elements to eliminate the negative influence from
non-equal length among multiple sequences. Thus,
all the transformed feature matrices could become
comparable.
According to signal processing, the symmetric matrix
M12 may be interpreted as the observations from a twolayer ensemble of “sensors”. The virtual sensors have
an input via sixteen dinucleotides while the output is a
1212 symmetric matrix for each DNA sequence (as
depicted in Tables 1 and 2). Thus, the matrix analysis
approach may be generalized from the field of signal
processing to that of bioinformatics, for performing
multiple sequences similarity analyses.
2.2

Feature extraction from multiple sequences
via approximate joint diagonalization upon
matrices

For all the multiple sequences, we can use Approximate
Joint Diagonalization (AJD) of their corresponding
transformed matrices M D fM.1/ ; M.2/ ;    ; M.N / g,
which has been successfully applied in the dataset
with the first exon from sequences of 11 beta globin
genes[24] .
In brief, AJD corresponds to the problem of seeking
a matrix V, which will lead VH M.n/ V to be the
diagonal as possible for all n, where V is a unitary
matrix. This is based on the premise that a set of
matrices fM.1/ ; M.2/ ;    ; M.N / g consists of common
statistical information of the observations which are the
estimates of matrices in the form VH M.n/ V.
In general, for any n  n matrix V, the AJD criterion
may be defined as the following non-negative function
of V:
N
X
.1/
.2/
.N / def
.i / VH M.i / Vjj2
jj
J.V;  ;  ;    ;  / D
i D1

(3)

Usually, AJD does not require that the involved
matrix set M be exactly simultaneously diagonalized
by a common unitary matrix. Mostly, the criterion
for AJD, as indicated by Eq. (3), cannot be zeroed,
and the matrices can only be approximately jointly
diagonalized. Thus, AJD deals with a kind of
an “average eigen-structure”, which is particularly
convenient for statistically inferring the structural
information extracted from sample statistics.
Considering two transformations:
1 W Sequence.i / 7! M.i / :
.i /
Sequence denotes the i -th sequence, where the length
of the sequence is L, and i D 1; 2;    ; N , while
M.i / 2 R1212 stands for the corresponding matrices
mapped from each primary DNA sequences, and M.i /
is a symmetric matrix, which can be determined by
scanning along the sequence S .i / via the decision
criterion listed in Table 2.
/
.i /
.i /
2 W M.i / 7! ..i
1 ; 2 ;    ; 12 /:
/
.i /
.i /
.i /
The feature vector F.i
12 D .1 ; 2 ;    ; 12 / is a 12tuple vector consisting of all the eigenvalues extracted
by AJD upon M.i / . Thus, compound transformation
may be obtained as follows:
/
.i /
.i /
2 ı 1 W Sequence.i / 7! ..i
(4)
1 ; 2 ;    ; 12 /
From Formula (4), we can freely extract the features
of the DNA sequence. From the viewpoint of algebra
space, the transformation may also be presented as


Ker f W S ! F112
(5)
where S denotes the original sequence space
comprising of primary DNA sequence having the length
L, while F112 indicates the objective feature space
that is transformed from the original space. Further, the
diagonal elements of  are simply the eigenvalues of
the dinucleotide PhysicoChemical Matrix (PCM) via
AJD.
According to the results from previous work[24] , it
was determined that the AJD-PCM algorithm has the
property of distance-preserving. Thus, we can calculate
all the Eigenvalue Vectors (EVs) for each obtained
/
.i /
.i /
.i /
dinucleotide PCM, such as F.i
12 D .1 ; 2 ;    ; 12 /,
i D 1; 2;    ; N . Further, the N corresponding 12-tuple
vectors may be obtained that can be regarded as features
extracted from the original DNA sequence. The AJDPCM algorithm is shown in Algorithm 1.

3

Numerical Characterization of Sequences

Most numerical characterization methods can represent
each sequence only separately rather than jointly. In this
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Algorithm 1 Descriptors for DNA sequences via AJD-PCM
Input:
Multiple DNA sequences with different length
L; S .1/ ; S .2/ ;    ; S .N / .
Initialize: Tol - An imposed tolerance on the change in objective
function for a stopping condition
begin
 for n D 1 to N do
Transform original sequences S .n/ into 12 by 12 symmetric
matrix M.n/
end for
 Consider the obtained matrix set M D fM.1/ ; M.2/ ;    ;
M.N / g and objective function
N
X
def
.i/ VH M.i/ Vjj2 :
jj
J.V; .1/ ; .2/ ;    ; .N / / D
iD1

while J.V;  .1/ ;  .2/ ;    ;  .N / / > tolerance do
Update V using AC-DC algorithm[25]
end while
 for n D 1 to N do
.n/ /
F.n/
diag.
Plot and categorize the N feature curves with F.n/
end for
 Calculate pairwise distances using all these N vectors F.n/
 Draw the dendrogram using the pairwise distances matrix
end

section, a novel method of numerical characterization
and graphical representation for DNA sequences is
presented, which can jointly consider the mutual
information of all the involved sequences. We selected
a dataset comprising of 15 sequences of the first exon in
the beta-globin gene[26] , as shown in Table 3.
3.1

Calculation of eigenvalue vectors

To enable comparison of multi-sequences, all matrices
Table 3 The concise information from beta-globin genes of
15 species.
Species
AC (GeneBank)
Location
Length (nt)
Human
U01317
62 187-63 610
1424
Chimpanzee
X02345
4189-5532
1344
Gorilla
X61109
4538-5881
1344
Lemur
M15734
154-1595
1442
Rat
X06701
310-1505
1196
Mouse
V00722
275-1462
1188
Goat
M15387
279-1749
1471
Sheep
DQ352470
238-1708
1471
Mouflon
DQ352468
238-1706
1469
Bovine
X00376
278-1741
1464
Rabbit
V00882
277-1419
1143
European hare
Y00347
1485-2620
1136
Opossum
J03643
467-2488
2022
Gallus
V00409
465-1810
1346
Muscovy duck
X15739
291-1870
1580
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extracted from each corresponding sequence were
normalized by dividing each M12 with the sum
of values for all their elements. According to the
procedure for AJD-PCM algorithm depicted in Section
2.2, all the 12-tuple EVs are calculated through AJD
of all the eleven neighboring nucleotide matrices
(PCM). The results are listed in Table 4, where each
column denotes a 12-tuple EV for each sequence. If
each vector is connected in an orderly manner as head
and tail using the walk strategy, 15 curves may be
plotted, as shown in Fig. 1.
3.2

Convergence speed analysis

Based on the convergence analysis of AJD, the
convergence speed of the optimization scheme (see
Eq. (3)) should be considered. The diagonalizer matrix
V of the objective function at the optimum point
depends upon an unknown least error. Thus, a simplified
expression for the least error is as follows:
N
X
def
j.i / VjH M.i / Vj jj2F
Err.j / D
jj
(6)
i D1

where j ranges from 2 to a presupposed maximal
number of iterations.
The predefined error threshold is denoted as  when
jErr.j C1/ Err.j /j < , which indicates that when the
error does not change drastically from the j -th iteration
to the .j C 1/-th one, we can get either the obtained
diagonalizer V or the diagonalized  .i / , which just
occurs at j -th step. Figure 2 shows a plot of the errors
with each iteration, from which it could be found that
the AJD algorithm converged at just the third iteration
or so.

4

Similarity Analysis of Sequences Based on
Their Extracted Descriptors

Based on sequence descriptors extracted via AJD-PCM,
multiple sequences can be compared.
4.1

Calculation of pair-wise distances

Consequently, numerical characterization was applied
for investigating the similarity of multiple sequences
from the dataset listed in Table 3. As described in
Section 2.2, the genetic distance was calculated in the
present study. For every two EVs: F.i / and F, which
have been arranged within the corresponding columns
in Table 4, it was found that the degree of dissimilarity
may be determined through Euclidean distance between
every two column vectors. The Euclidean distance
between the i -th and the j -th sequences may be
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Table 4
No.

Human

1 0.019 91
2 0.024 29
3 0.027 06
4 0.030 13
5 0.023 77
6 0.025 81
7 0.021 47
8 0.036 47
9 0.041 68
10 0.028 49
11 0.028 96
12 0.018 45

Descriptors extracted via AJD-PCM from the beta-globin genes of 15 species.

Chimpanzee

Gorilla

Lemur

Rat

Mouse

Goat

Sheep

Mouflon

Bovine

Rabbit

0.019 41
0.024 15
0.027 33
0.031 15
0.022 11
0.026 12
0.021 22
0.037 88
0.044 36
0.028 50
0.028 64
0.017 79

0.019 65
0.024 13
0.027 43
0.030 93
0.022 11
0.026 33
0.021 68
0.036 53
0.044 52
0.028 47
0.028 87
0.017 32

0.021 09
0.024 07
0.026 30
0.030 71
0.022 48
0.025 53
0.022 01
0.043 67
0.034 47
0.029 54
0.029 41
0.020 02

0.022 71
0.023 47
0.025 23
0.031 76
0.026 44
0.028 51
0.024 22
0.034 89
0.025 42
0.031 32
0.030 42
0.019 93

0.021 86
0.023 35
0.025 16
0.032 74
0.025 98
0.028 84
0.025 65
0.033 09
0.027 07
0.030 46
0.029 78
0.021 32

0.025 50
0.023 55
0.024 35
0.028 85
0.025 41
0.029 78
0.027 06
0.026 95
0.018 95
0.031 59
0.030 97
0.021 91

0.025 51
0.023 55
0.024 28
0.028 73
0.025 74
0.029 32
0.026 71
0.027 46
0.019 40
0.031 72
0.031 10
0.021 11

0.025 67
0.023 50
0.024 31
0.028 39
0.025 87
0.029 24
0.026 85
0.026 61
0.019 52
0.031 57
0.031 10
0.021 14

0.025 63
0.022 85
0.024 03
0.028 62
0.026 29
0.028 69
0.026 72
0.027 02
0.020 77
0.030 96
0.030 78
0.021 74

0.021 34
0.024 18
0.025 31
0.032 13
0.024 16
0.026 44
0.023 46
0.041 14
0.029 37
0.030 85
0.031 04
0.019 55

European
Opossum
hare
0.021 68 0.023 12
0.024 80 0.020 42
0.025 89 0.023 78
0.030 88 0.034 51
0.023 81 0.026 36
0.027 31 0.029 49
0.024 08 0.024 48
0.035 94 0.022 18
0.029 21 0.035 77
0.031 16 0.030 30
0.031 75 0.029 74
0.019 37 0.017 30

Gallus
0.030 92
0.024 19
0.019 84
0.019 62
0.032 74
0.026 48
0.028 40
0.030 33
0.012 66
0.03171
0.03334
0.038 27

Muscovy
duck
0.032 09
0.023 40
0.018 44
0.019 49
0.033 50
0.026 70
0.029 19
0.024 30
0.013 26
0.031 88
0.033 19
0.037 51

Fig. 1 Graphical representation of the exon in the beta-globin gene from 15 species based on 12-tuple EVs via AJD upon all the
1 ;  2 ;    ;  12 ).
corresponding PCP matrices. The y-axis indicates the values of each element in feature vectors (

calculated as:
def
D.S .i / ; S .j / / D jjM.i /

F.j / jjF
(7)
.i /
.i /
.i /
.i /
where F D .1 ; 2 ;    ; 12 / denotes the feature
vectors through distance-preserving transformations
from the primary sequences with different lengths,
while jj  jjF indicates the Frobenius norm of a matrix
or vector. Obviously, a higher distance value indicates
more dissimilarity between the two sequences. The data
for comparison of dissimilarity among these 15 coding
sequences was obtained by calculating the Euclidean
distance via Eq. (7). The pair-wise distance results are
listed in Table 5.
4.2
Fig. 2 The performance curve for the convergence speed of
AJD for the dataset listed in Table 3.

M.j / jjF D jjF.i /

Phylogeny of 15 beta-globin genes

Other than the alphabet representation of biological
sequences, which is easily processed on a computer, it
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Table 5
Species inj
Human
Chimpanzee
Gorilla
Lemur
Rat
Mouse
Goat
Sheep
Mouflon
Bovine
Rabbit
European hare
Opossum
Gallus

Chimpanzee Gorilla Lemur
0.0037

Pairwise distance for the beta-globin genes of 15 species.
Rat

0.0036 0.0106 0.0178
0.0016 0.0120 0.0208
0.0128 0.0207
0.0141

Mouse

Goat

Sheep

0.0169
0.0199
0.0197
0.0146
0.0036

0.0269
0.0301
0.0297
0.0247
0.0117
0.0118

0.0262
0.0294
0.0290
0.0240
0.0109
0.0112
0.0013

becomes difficult to observe other differences without
aid, for which a phylogenetic tree provides a simpler
means to inspect various biological sequences that
facilitates sequence comparison with the intuitive
patterns or pictures. Thus, we examined our proposed
approach (AJD-PCM) through phylogenetic analysis,
which may be summarized as follows:
(1) Initially, the 12-tuple EVs of each biological
sequence were calculated through AJD-PCM;
(2) Then, the similarity distance was obtained with
the Euclidean metric to form a pair-wise distance
matrix;
(3) Finally, based on the pair-wise distance matrix,
the dendrogram was plotted using MATLAB code.
The results of the experiment have been listed in
Table 5 and Fig. 3, from which it was found that

Fig. 3
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Mouflon Bovine Rabbit
0.0264
0.0297
0.0292
0.0245
0.0116
0.0117
0.0014
0.0010

0.0252
0.0285
0.0280
0.0235
0.0107
0.0106
0.0025
0.0021
0.0019

0.0141
0.0164
0.0168
0.0068
0.0082
0.0095
0.0193
0.0185
0.0192
0.0182

Muscovy
European
Opossum Gallus
duck
hare
0.0136
0.0181 0.0619 0.0636
0.0165
0.0204 0.0652 0.0670
0.0165
0.0193 0.0652 0.0669
0.0103
0.0234 0.0562 0.0588
0.0055
0.0172 0.0461 0.0478
0.0060
0.0151 0.0472 0.0488
0.0153
0.0196 0.0385 0.0392
0.0145
0.0192 0.0391 0.0398
0.0151
0.0190 0.0391 0.0397
0.0142
0.0180 0.0398 0.0405
0.0056
0.0212 0.0512 0.0536
0.0171 0.0499 0.0518
0.0570 0.0571
0.0065

the 15 species were clearly separated.
Figure 3 displays the intuitive categories of the 15
species into four subgroups according to the divergence
between themselves and humans as follows:
(1) The first subgroup [(Gorilla, Chimpanzee),
Human] is closest to the humans.
(2) The next subgroup includes the species [Bovine,
(Goat, (Mouflon, Sheep))].
(3) The third ((Muscovy duck, Gallus), Opossum) is
far away from the humans in the light of evolutionary
relationships. Generally, these three species may be
regarded as outgroup.
(4) The remaining five species fall into the last group.
These results are consistent with the evolutionary
facts.

The dendrogram for 15 sequences according to the pairwise distance listed in Table 3.
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4.3

Comparison with related representative work

To comprehend the effectiveness of our approach,
we compared the pair-wise distances obtained from
the present study (Table 5) with those in the
seventh table from another related representative
work[27] . Considering the similarity among Humans
and the remaining 14 species, we extracted the first
row (or column) from the two tables mentioned above,
and calculated the correlation coefficient for these two
reduced vectors, that is, the first row of Table 5 in this
study, and the first column from the seventh table from
Ref. [27]. The correlation degree was determined to
be 98.76%. Remarkably, comparison of the two whole
tables above-mentioned shows the correlation degree
also reaches up to 93.39%.

5
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Conclusions and Future Work

The proposed approach (AJD-PCM) allows the fusion
of the physicochemical properties with the sequential
property of the biological sequence with consideration
of the sequential property at the stage of mapping each
dinucleotide into a 12-tuple vector. Moreover, at the
second stage, AJD could extract the features among
multiple sequences jointly rather than separately,
facilitating the simultaneous discovery of sub-groups of
organisms having a common structure at the molecular
level. The clustering results were consistent with
the evolutionary facts demonstrating the rationality
of the proposed numerical characterization of DNA
sequence. Further work would involve enhancing our
descriptor extraction algorithms for application towards
genomic/proteomic sequence datasets.
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